In previous studies, it is pointed out that in several situations it is better to use interval-valued fuzzy numbers instead of triangular or trapezoidal fuzzy numbers. But till now, there is no method that deals with the sensitivity analysis of such linear programming problems in which all the parameters are represented by interval-valued fuzzy numbers. In this paper, a new method is proposed for the sensitivity analysis. Finally, the proposed method is illustrated using a numerical example.
Introduction
The sensitivity analysis is a wellexplored area in classical linear programming. The sensitivity analysis is a basic tool for studying perturbations in optimization problems. There is considerable research on sensitivity analysis for some operations research and management science models such as linear programming and investment analysis.
In the real word, there are many problems which have linear programming models and sometimes it is necessary to formulate these models with parameters of uncertainty. Many numbers from these problems are linear programming problems with fuzzy variables. In most practical applications of mathematical programming the possible values of the parameters required in the modeling of the problem are provided either by a decision maker subjectively or by a statistical inference from the past data because there is some uncertainty. In order to reflect this uncertainty, the model of the problem is often constructed with fuzzy data [1] .
The concept of fuzzy mathematical programming on a general level was first proposed by Tanaka et al. [2] in the framework of the fuzzy decision of Bellman and Zadeh [3] . The first formulation of fuzzy linear programming was proposed by Zimmermann [4] . Afterwards, many authors have considered several kinds of fuzzy linear programming problems and have proposed several approaches for solving these problems. Maleki et al. [5] proposed a new method for solving the fuzzy number linear programming problem and used its solution to obtain the fuzzy solution of the fuzzy variable linear programming problem.
Chiang [6] used statistical data and statistical confidence interval to derive (1 )   fuzzy numbers, (0 1)    and got a fuzzy linear programming problem. Chiang used two statistical confidence intervals to derive (1 ,1 )     intervalvalued fuzzy numbers, 0 1      and got another fuzzy linear programming problem.
Mahdavi-Amiri and Nasseri [7] extended the concepts of duality in fuzzy number linear programming problems. Ganesan and Veeramani [8] introduced a new method for solving a kind of linear programming problem involving symmetric trapezoidal fuzzy numbers without converting them to crisp linear programming problems. numbers and ranking. Mahdavi-Amiri and Nasseri [10] used a certain linear ranking function to define the duality of fuzzy number linear programming problems and proposed the dual simplex algorithm for solving fuzzy variables linear programming problems. Moreover, Ebrahimnejad and Nasseri [11] used the complementary slackness property to solve fuzzy number linear programming problems and fuzzy variables linear programming problems without the need of a simplex table.
Hosseinzadeh Lotfi et al. [12] proposed a method to obtain the approximate solution of fully fuzzy linear programming problems. Ebrahimnejad and Nasseri [13] introduced a new method called the bounded dual simplex method for bounded fuzzy number linear programming problems in which some or all the variables are restricted to remain within fuzzy lower and fuzzy upper bounds. Ebrahimnejad et al. [14] developed a method for solving such fuzzy linear programming problems in which some or all the fuzzy decision variables were bounded. Ebrahimnejad et al. [15] proposed a method namely primal-dual simplex algorithm to obtain a fuzzy solution of fuzzy variables linear programming problems. Nasseri and Ebrahimnejad [16] applied a fuzzy primal simplex method to solve flexible linear programming problems directly without solving any auxiliary problem.
Kheirfam and Hasani [17] studied the basis of invariance sensitivity analysis for fuzzy linear programming problems. Kumar and Bhatia [18] proposed a method for the sensitivity analysis for fuzzy linear programming problems with fuzzy variables by converting them into a crisp linear programming problem. Kumar and Bhatia [19] proposed a new method that deals with the sensitivity analysis of such FLP problems in which only the elements of the coefficient matrix of constraints are represented by real numbers and other parameters are represented by trapezoidal fuzzy numbers to overcome this limitation of existing method [17] .
Ebrahimnejad [20] generalized the concept of sensitivity analysis in fuzzy number linear programming problems by applying fuzzy simplex algorithms and using the general linear ranking function on fuzzy numbers. Kumar and Bhatia [21] proposed a method to overcome the limitation of the method proposed by Ebrahimnejad [20] . Nasseri and Ebrahimnejad [22] proposed a method for sensitivity analysis on linear programming problem with trapezoidal fuzzy variables. Bhatia and Kumar [23] proposed a method to deal with the sensitivity analysis of such fuzzy linear programming problems in which all the parameters are represented by LR flat fuzzy numbers. HatamiMarbini and Tavana [24] proposed a 'general' and 'interactive' method for solving linear programming problems with fuzzy parameters.
In previous studies it was pointed out that the values of the membership of an element, in a fuzzy set, are represented by a real number in [0, 1] but a specialist is always uncertain about the values of the membership. Hence, it is better to represent the values of the membership of an element in a set by intervals of possible real numbers instead of real numbers. In this paper, a new method that deals with the sensitivity analysis of such linear programming problems in which all the parameters are represented by interval-valued fuzzy numbers is proposed. Finally, the proposed method is illustrated using a numerical example. This paper is organized as follows: In section 2, some basic definitions and arithmetic operations are presented. In section 3, a new method, is proposed to deal with the sensitivity analysis of interval-valued fully fuzzy linear programming problems. In section 4, the proposed method is illustrated with the help of a numerical example. Finally, in section the conclusions are discussed.
Preliminaries
In this section some basic definitions, the arithmetic operations and the comparison of interval-valued fuzzy numbers, are presented.
Basic definitions
In this section, some basic definitions are presented [25] .
Definition 2.1:
If the membership function of the fuzzy set 
Definition 2.2: If the membership function of the fuzzy set
x R   and are denoted as [ , ] . The interval-valued fuzzy sets were first used by Gorzafczany [26] and have been applied to the fields of approximate inference, to the signal transmission and to the controller, etc. 
Arithmetic operations [25]
The arithmetic operations between two ( , )   interval-valued fuzzy numbers are defined as follows:
A  Ө 
Comparison of interval-valued fuzzy numbers [25]
where,
Interval-valued fully fuzzy linear programming problem
Any linear programming problem in which all the parameters are represented by interval-valued fuzzy numbers can be represented by 1 (P ) : 
Proposed method
There are few methods [17, 18, 19, 20, 21, 22, 23] that deal with the sensitivity analysis of such linear programming problems in which some or all the parameters are represented by triangular or trapezoidal fuzzy numbers. In previous works, it is pointed out that in several situations it is better to use interval-valued fuzzy numbers instead of triangular or trapezoidal fuzzy numbers, thus several authors have used interval-valued fuzzy numbers [6, 9, 25] in different types of problems. But, as far as we know, there is no method in previous works that deals with the sensitivity analysis of such linear programming problems in which all the parameters are represented by interval-valued fuzzy numbers.
In this section, a new method is proposed for the same kind of problems. The steps of the proposed method are as follows:
Step 1 Since in the existing method [6; 9] the optimal solution of the interval-valued fuzzy linear programming problem is obtained first by converting the problem into a crisp linear programming one and solving it. Here, we too convert the chosen fuzzy linear programming problem first 1 (P ) into the crisp linear programming problem 2 (P ) , to find the fuzzy optimal solution. Max (or Min) ( )
Max (or Min) 
Step 2 Solve the crisp linear programming problem 2 (P ) to find the optimal solution
, , , , ; 1,2,..., .
Step 3 Find the fuzzy optimal value of the chosen interval-valued fully fuzzy linear programming problem 1 (P ) by substituting the values of fuzzy optimal solutions
Step 4 If any change is made in the chosen interval-valued fully fuzzy linear programming problem 1 (P ) then the optimal solution of the resulting interval-valued fully fuzzy linear programming problem can be obtained as follows:
Case 1: A change in the fuzzy cost vector
If the cost vector T C  changes to ' T C  in the original interval-valued fully fuzzy linear programming problem 
programming problem 2 (P ) to obtain 4 (P ): 
(P ) to obtain the crisp linear programming problem 5 (P ):
Case 4: Change in fuzzy constraint matrix
Let us suppose that the column of the constraint matrix, corresponding to the fuzzy variable j x  , is changed from j A  to ' j A  in the original intervalvalued fully fuzzy linear programming problem then, replace
to obtain a new crisp linear programming problem 6 (P ):
Case 5: Addition of a new fuzzy constraint
Let us suppose that a new fuzzy constraint is added in the original interval-valued fully fuzzy linear programming problem
(P ) to obtain a crisp linear programming problem 7 (P )
Step 4 Now, apply the existing sensitivity analysis technique to find the fuzzy optimal solutions of (P ), (P ), (P ), (P ) and 7 (P ) with the help of an optimal solution of 2 (P ) and use the step 3 of the proposed method to find the fuzzy optimal solution and the fuzzy optimal value of the resulting interval-valued fully fuzzy linear programming problem.
Remark 3.1
The other cases i.e., deletion of fuzzy variables, deletion of fuzzy constraints, simultaneous change in coefficients of the fuzzy decision variables in objective function and fuzzy requirement vectors etc. can also be solved by using the proposed method.
Numerical example
In this section, the proposed method is illustrated with the help of a numerical example:
A factory produces automobiles and trucks, each one requires three processes. The production condition is shown in 
, ,550;.9), (400,500500,560;1)] on the fuzzy optimal solution and fuzzy optimal value of resulting interval-valued fully fuzzy linear programming problem.
Solution:
The solution of the interval-valued fully fuzzy sensitivity analysis problem, chosen in example 4.1, can be obtained by using the following steps of the proposed method:
Step 1 As discussed in step 1 of the proposed method, to find the fuzzy optimal solution of the chosen interval-valued fully fuzzy linear programming problem 9 (P ) first convert 9 (P ) into crisp linear programming problem 10 (P ) 
Subject to

10
(P ) 
Step 2 The optimal solution of the crisp linear programming problem 10 (P ) is 
Step (P ) so replacing crisp linear programming problem 10 (P ) by 11 (P ) Max 
Now, applying the existing sensitivity analysis technique the optimal solution of crisp linear programming problem 11 (P ) is: 
Step 3 of the proposed method the fuzzy optimal value of resulting interval-valued fully fuzzy linear programming problem is 9 (P ) so replacing the crisp linear programming problem 10 (P ) by 12 (P ) 
Subject to
12
Step 3 of the proposed method the fuzzy optimal value of resulting interval-valued fully fuzzy linear programming problem is: T is added to the original interval-valued fully fuzzy linear programming problem 9 (P ) so replace the crisp linear programming problem 10 (P ) into the crisp linear programming problem 13 (P ) 
Subject to
13
Step 3 of the proposed method the fuzzy optimal value of resulting interval-valued fully fuzzy linear programming problem is:
[ ( 
Subject to
15
Using step 3 of the proposed method, the fuzzy optimal value of the resulting interval-valued fully fuzzy linear programming problem is, 
Physical interpretation of the results
In this section, the effect of changing the cost coefficients on the results is physically interpreted. Similarly, the results of other cases, presented in table 2, can also be physically interpreted.
From the results, obtained by using original interval-valued fully fuzzy linear programming problem and resulting interval-valued fully fuzzy linear programming problem, it can be easily seen that in Case 1: a) For the original interval-valued fully fuzzy linear programming problem the optimal value will be greater than and lesser than units while for the interval-valued fully fuzzy linear programming problem obtained by changing the cost coefficients corresponding to the fuzzy decision variables and the optimal value will be greater than and lesser than units.
b) For the original interval-valued fully fuzzy linear programming problem, the overall level of satisfaction of the decision maker about the statement that the optimal value will be units lies in and for the interval-valued fully fuzzy linear programming problem, obtained by changing the cost coefficients corresponding to the fuzzy decision variables and the overall level of satisfaction of the decision maker about the statement that the optimal value will be units lies in. c) For the original interval-valued fully fuzzy linear programming problem, the overall level of satisfaction of the decision maker for the remaining values of optimal value can be obtained as follows: Let represent the optimal value then the least value and greatest value of overall level of satisfaction of the decision maker for i.e. and can be obtained as follows:
. 
Conclusions
Till now, in previous works, there is no method that deals with the sensitivity analysis of such linear programming problems in which all the parameters are represented by interval-valued fuzzy numbers. In this paper, a new method is proposed for the sensitivity analysis. To illustrate the proposed method an interval-valued fully fuzzy sensitivity analysis problem, which cannot be solved by using any of the existing methods, is solved by using the proposed method. We emphasize that since there is no existing rule for the product of two arbitrary interval-valued LR flat fuzzy numbers and its ranking function. This is an interesting research work for the future.
